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The properties of time series, generated by continuous valued feed-forward networks in
which the next input vector is determined from past output values, are studied. Asymptotic
solutions developed suggest that the typical stable behavior is (quasi) periodic with attractor dimension that is limited by the number of hidden units, independent of the details of
the weights. The results are robust under additive noise, except for expected noise-induced effects – attractor broadening and loss of phase coherence at large times. These effects, however,
are moderated by the size of the network N.
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1.

Introduction

The construction of neural networks with complex time dynamics poses an important and interesting challenge. Progress in this field is crucial for understanding real-life
intelligence and information processing [21]. Comprehensive studies of such networks
have begun only recently and very little knowledge of an analytic nature has as yet been
achieved.
In the well-studied cases of symmetric and feed-forward networks, there is no nontrivial dynamic behavior [6,20]. The central issue is rather the dependence of the output
(or equilibrium) state on a set of random inputs. Here the input to the network is constantly changing in response to the current state of the network and so the issue of the
dynamic behavior of the network rises to the fore. Hence a new repertoire of analytical
techniques and concepts is required to explore the implications of different architectures
and feedback schemes for the behavior of the network.
In this paper we shall review some of the results of an analytic study of a particular
class of networks, the Sequence Generator (SGen), which is in essence a perceptron (or
multi-layer network) with a continuous output, whose input at each successive time step
is chosen as follows: the inputs from the previous time step are shifted one unit to the
right with the state of the leftmost input unit set equal to the state of the output unit in
the previous time step. Denoting the N inputs at time t by the vector St = (S1t , . . . , SNt ),
∗ URL: http://www.biu.ac.il/faculty/priel
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where Sit ∈ R and St ∈ RN , the process can be summarized as follows:
t
;
S1t +1 = Sout

t
Sit +1 = Si−1
,

i = 2, . . . , N.

(1)

t
, the output at each time step is determined from the inputs at that time and
Here, Sout
the fixed weight vector W ∈ RN , via non-linear activation function F. We restrict the
discussion to bounded, symmetric non-linear transfer functions,

f : R → R,

|f (x)| < ∞

where in the case of a perceptron we get

 
t
= F β W · St ,
Sout

∀x ∈ R,

β ∈ R.

(2)

In the sequel we shall assume a hyperbolic-tangent function as well as other functions.
In the limit where the coupling (β > 0) goes to ∞, this network reduces to the case of
the bit-generator, with discrete binary inputs and outputs, ±1, see [5].
The rational behind using time delayed vectors as inputs is based on the theory of
state space reconstruction of a dynamic system using delay coordinates [15]. This theory
addresses the problem of reproducing a set of states associated with the dynamic system
using vectors obtained from the measured time series, and is widely used for time series
analysis.
The dynamics described above is also known as the ‘non-linear autoregressive
model’ (NAR) used for time-series prediction and analysis. In fact, the NAR model
includes an additive noise, see section 5. Some of their stationary statistical properties
have been analyzed by H. Tong [18] and others. The computational capabilities of such
models were found to be equivalent to fully recurrent networks [17]. A similar dynamical system, the generalized shift map, can be viewed as a special case of the noiseless
NAR model in which piecewise linear mappings are used, e.g., [9]. It has also been
shown that this class of models may exhibit a super-Turing computational power. Nevertheless, these papers and others do not discuss the long-term behavior of such models
or its implications. A similar architecture incorporating time delays is the TDNN –
time-delay neural network with recurrent loops [19]. This type of network is known to
be appropriate for learning temporal sequences, e.g., speech signal. In the context of
time series, it is mostly used for short term predictions. The aim of our investigation
is the understanding and characterization of the long term sequences generated by such
architectures, and the time scale to reach this asymptotic behavior.
The class of SGen networks has been analyzed extensively, mainly at asymptotic
time. The SGen exhibits quasi-periodic dynamics, i.e., a limit cycle with irrational (or
non-commensurate) phase that leads to a cycle of infinite length. This dynamics is governed by a trajectory (a sequence of states) whose limit is called an attractor. Attractors
are typically classified into four major classes: a fixed point, a limit cycle (periodic
orbit, or fixed point of order n), a quasi-periodic orbit and a chaotic attractor. An important quantity that characterizes the attractor is its dimension. This quantity has several
definitions, see [1] for a review. Non-chaotic dynamics is characterized by an integer
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attractor dimension, where the strictly periodic attractor has dimension zero. Quasiperiodic attractors have a positive dimension whose measure depends on the number of
independent variables of the system. The attractor dimension of a sequence generated by
a SGen depends on the architecture and control parameters [4,7,10,13]. It may also generate chaotic behavior whose nature depends on the activation function [11,12]. It has
been shown that monotonic functions, e.g., hyperbolic-tangent, generate fragile chaos
only, i.e., sensitive to deviations in parameter space, whereas non-monotonic functions
may generate high-dimensional robust (stable) chaos. We shall not elaborate on this behavior here. Recent studies also concentrated on the issue of the dynamics of interacting
neural networks [8].
In the next section we define the architectures and their dynamic rules. In sections 3, 4 we report the main results regarding the asymptotic behavior of the time-series
generated for perceptron-SGen and MLN-SGen. We will also explore extensions of this
SGen to other activation functions. In section 5 we present the results in the case of
a noise added to the output of the model. Finally, we shall discuss the implications
of the results on the issue of time series prediction in general and the relation between
dynamics and computation in particular.
2.

The model

In the following we examine both single and multi-layer perceptron-SGen’s. The
architectures differ in the number of feed-forward layers between the input and the output. The only feedback considered is described in equation (1). We may think of the
network as generating an infinite sequence of output numbers (see figure 1), S t , starting
from the initial inputs, Si = Si0 via the dynamic equation (for the perceptron)
  N


t
t −j
(Wj + W0 )S
,
(3)
S =F β
j =1

Figure 1. Perceptron-SGen generating a time series.
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Figure 2. MLN-SGen generating a time series.

where W0 is a possible bias of the weights. This is actually the origin of the name
‘sequence generator’ given to this machine.
In the more general case of a two-layer network N : M : 1 the dynamic equation
is given by:
 M
  N
 


t
t −j
(wh + w0 )F β1
(Whj + Wh0 )S
,
(4)
S =F β
h=1

j =1

assuming the same activation functions for all units; the second layer’s function may
be linear. Figure 2 depicts the general architecture with an arbitrary number of hidden
layers.
Throughout the paper we use interchangeably the notation S t −j and Sjt to denote
the time series and the state of the j th input, respectively.

3.

Single layer perceptron-SGen

3.1. Hyperbolic-tangent function
We begin with a study of the simplest feed-forward network, the single layer perceptron. The strategy for developing the stationary solution (or attractor) for the system
described below is based on the method of linear stability analysis (see, e.g., [3]). In this
method, each type of dynamics assumed is analyzed in the vicinity of its onset where
dynamic stability is tested.
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Following equation (2) we analyze a perceptron with a monotonic activation function (F = tanh) whose output Sout at time step t is given by:
  N


t
= tanh β
(Wj + W0 )Sjt ,
(5)
Sout
j =1

where β is a gain parameter, N is the input size and W0 is the bias term. Since the
(stable) asymptotic behavior is quasi-periodic, its mathematical description is influenced
primarily by one of the larger Fourier components in the power spectrum of the weights
vector W of the perceptron. This observation motivates the following representation of
the vector W . Let us start with the case of a vector that consists of a single Fourier
component of the form:
Wj = a cos(2π Kj/N),

j = 1, . . . , N;

W0 = 0,

(6)

where a is a constant and K is a positive integer. Note that the vector W can always be
represented as a Fourier decomposition of its values. It is straightforward to show that
the only consistent fixed point (f.p.) solution is Sj = S ∗ = 0 ∀j by inserting Sj = S ∗
back to equation (5). To study the linear stability of this f.p., namely, the onset of a
periodic attractor, we rewrite the dynamic equation (equation (5)) as an N-dimensional
map, as follows:
  N
 



 t



t
+1
t


Wj Sj
;
S1 = f1 S , W = tanh β








j =1


t +1
t
t
(7)
S2 = f2 S , W = S1 ;




.


..







 t

 t +1
t
SN = fN S , W = SN−1 ;
for each of the variables, Sj , from which we derive the Jacobian matrix at the fixed point:


βW1 βW2 . . . βWN−1 βWN
 1
0
...
0
0 




∂fi
 0
1
...
0
0 
=
(8)
.
∂Sj Sj =S ∗  ..
..
..
.. 
..
 .

.
.
.
.
0
0
...
1
0
Noting that the eigenvalues of this matrix determine the stability of the f.p., we can
write the characteristic equation of the Jacobian matrix, where for the above weights we
obtain:
 N
 a cos(2π Kn/N)
− 1 = 0,
(9)
(−1)(N−1) λN β
λn
n=1
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where λ is the eigenvalue. The transition to a periodic phase occurs when |λ| = 1 or
λ = eiϕ which gives rise to two coupled equations that determine ϕ and βc – the value
of β at the transition point




N
N


2π
2π
Kn sin(nϕ) = 0,
aβc
Kn cos(nϕ) = 1.
(10)
cos
cos
N
N
n=1
n=1
Following the solution of the coupled equations, we find the onset of an N-cycle:
2
2π
K ⇒ βc =
.
(11)
N
aN
This analysis gives us only the linear term, i.e., near the transition. In order to
continue, we can write a general periodic function based on a linear superposition of
Kt) and find its coefficients, however this
powers of the basic periodic term, cos( 2π
N
method becomes complicated for orders higher than three. Hence, we shall elaborate on
a solution which is based on the above analysis up to the third order term, whereas to
obtain the higher order terms we assume the following relation:


(12)
S t = tanh A(β) cos(2π Kt/N) ,
ϕ=±

where the coefficients are determined from the demand for self-consistency in equation (5), rewritten in the form of an infinite sequence:
 N


Wj S t −j .
(13)
S t = tanh β
j =1

Plugging the proposed solution, equation (12), in the right-hand side of equation (13)
and expanding the innermost hyperbolic-tangent function in powers of its argument, we
obtain an equation for A(β), the amplitude of the resulting sequence S t , as follows:
A=

∞
Na 
β
M(ρ)(A/2)2ρ−1 (ρ!)−2 ,
2 ρ=1



M(ρ) = 22ρ 22ρ − 1 B2ρ ,

(14)

where B2ρ are the Bernoulli numbers (see [2], pp. 804–806). This equation is a direct
result of the demand for self-consistency. Analysis of equation (14) reveals the onset
of the periodic phase, equation (11), as well as the exact behavior of the (asymptotic)
sequence generated by the SGen for a given choice of the parameters a, β. Figure 3
depicts the analytical result (solid line) and simulation (circles) of this network for the
amplitude A(β). The simulations where done for N = 100, K = 17, a = 1.5.
We note that this behavior of the dynamics, namely the transition from a fixed point
to a limit cycle, is known as Hopf bifurcation [3].
Let us continue with the case of a vector that consists of a single biased Fourier
component of the form described in equation (6) but taking W0 = b, i.e.,
Wj = a cos(2π Kj/N),

j = 1, . . . , N;

W0 = b.

(15)
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Figure 3. The amplitude A vs. the scaled β obtained from equation (14) (solid line) and from simulating
the perceptron SGen (circles) whose weights follow equation (6) and N = 100, K = 17, a = 1.5.

Since the analysis is similar to that described above, we shall not repeat the derivation
(one can refer to [10], ch. 2), but rather present the main results. The stationary solution
for the sequence (S t ) for this choice of the weights (equation (15)), can be shown to be
of the form:


(16)
S t = tanh A(β) cos(2π Kt/N) + B(β) .
There are two possible stable non-zero solutions for the variables (A, B):
∞


1
M(ρ)(A/2)2ρ−1 (ρ!)−2 ;
A = βNa
2
ρ=1
B = βNb

∞


M(ρ)B


2ρ−1

−1
(2ρ)! ;

B = 0,
(17)
A = 0.

ρ=1

Analysis of equations (17) reveals the following behavior as a function of the parameter β. Each of the variables is the amplitude of an attractor. The attractor represented by (A = 0, B = 0) is the same limit cycle described above, while the attractor represented by (B = 0, A = 0) is a fixed point of the dynamics. The onset
of each of the attractors A (B) is at βc1 = 2(aN)−1 (βc2 = (bN)−1 ), respectively.
One can identify three regimes: (1) β < βc1,c2 – the stable solution is S t = 0 ∀t;
(2) min(βc1 , βc2 ) < β < max(βc1 , βc2 ) – the system flows for all initial conditions into
the attractor whose βc is smaller; (3) β > βc1,c2 – depending on the initial condition of
the input vector, the system flows into one of the attractors, namely, the stationary state
is either a fixed point or a periodic flow.
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Figure 4. Two-dimensional embedding of a sequence generated by a perceptron whose weights follow
equations (15), (18). The parameters for the periodic sequence are N = 128, K = 17, b = 0.3, β = 1/40
and for the quasi-periodic K = 17, φ = 0.123, β = 1/45, respectively.

Next we discuss the more general case where the weights of equation (15) include
an arbitrary phase shift of the form:
Wj = a cos(2π Kj/N − π φ),

φ ∈ (−1, 1).

(18)

In this case, we derive only an approximate solution. The leading term of the stationary
solution in the limit N  1 is of the form:




(19)
S t = tanh A(β) cos 2π(K − φ)t/N + B(β) ,
where the higher harmonic corrections are of O(1/K). A note should be made here
that the phase shift in the weights is manifested as a frequency shift in the solution.
In addition, the attractor associated with A = 0 is now a quasi-periodic flow in the
generic case when φ is irrational. The onset value of the fixed point (βc2 ) is the same
πφ
2(aN)−1 . The
as before, however the onset of the quasi-periodic orbit is βc1 = sin(πφ)
variables A, B are similar to equations (17):
∞

sin(π φ) 
M(ρ)(A/2)2ρ−1 (ρ!)−2 ;
A = βNa
π φ ρ=1
∞


−1
M(ρ)B 2ρ−1 (2ρ)! ;
B = βNb

B = 0,
(20)
A = 0.

ρ=1

The three regimes discussed above appear in this case as well. Figure 4 shows the
attractor associated with (A = 0, B = 0) for the two cases where the series generated
by the output is embedded as a sequence of two-dimensional vectors (S t +1 , S t ).
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The general weights can be written as a combination of their Fourier components
with different K’s and φ’s:
Wj =

m


ai cos(2π Ki j/N − π φi ),

φi ∈ (−1, 1).

(21)

i=1

When the different K’s are not integer divisors of each other, the general solution is
similar to that described above:
 m



t
Ai (β) cos 2π(Ki − φi )t/N + B(β) ,
(22)
S = tanh
i=1

where m is the number of relevant Fourier components. As above, the variables Ai , B are
coupled via self-consistent equations. Nevertheless, the generic stationary flow is one of
the possible attractors, depending on β and the initial condition; i.e., (Aq = 0, Ai = 0
∀i = q, B = 0) or (B = 0, Ai = 0). At this stage we can conclude that the stable flow
for the perceptron is one of three: a fixed point, periodic cycle or quasi-periodic flow.
The first two have a zero dimension while the last describes a one-dimensional flow. We
stress that more complex flows are possible even in our solution (e.g., equation (22)),
however they require a special relation between the frequencies and a very high value
of β, typically more than an order of magnitude greater than the bifurcation value [16].
As mentioned, a chaotic behavior generated by the dynamic system of the type described
in equation (5) is described in [11,12].
3.2. Other activation functions
The results drawn above were extended to other odd functions, e.g., F = sin in
equation (2). The general results are similar although the details differ, see [7,10]. From
the mathematical point of view, this function is more convenient to handle.
Figure 5 depicts the embedded sequence generated by the perceptron-SGen with
sine function for the two gain values. Unlike the monotonic functions, e.g., the
hyperbolic-tangent, the non-monotonic functions do not exhibit saturation as β increases, but rather the solution folds back in the bounded region. At higher β values one observes a period doubling route to chaos, even without a bias term in the
weights [11,12] (unlike monotonic functions that require a non-vanishing bias term to
generate chaos).
We note that the family of even functions is not considered here as they do not
exhibit a Hopf bifurcation due to lack of a linear term; instead, one observes a sequence
of bifurcations that may lead to chaotic behavior.
4.

Multi-layer perceptron-SGen

The analysis of the perceptron-SGen in the previous section reveals a major drawback of this architecture that is manifested in the attractor dimension of the sequence
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Figure 5. Embedding of a sequence generated by a perceptron-SGen with sine transfer function and weights
defined by equation (18). Solid black line for β = 1/25 ≈ 1.35βc and solid gray line for β = 2/15 ≈
4.5βc . N = 100, K = 17, φ = 0.471.

generated. The attractor dimension is one for a typical weight vector and is a characteristic of the architecture and not the complexity of the weights. The question on which
we focus in this section is the interplay between the architecture, i.e., number of hidden
units and layers, and the attractor dimension of the sequences generated. In the following, we shall concentrate on a 2LP-SGen with a linear output and hyperbolic-tangent
transfer function in the hidden units. Applying the sine function or additional hidden
layers does not change the fundamental results (see [4]).
The dynamics is given by equation (4) with the output defined as follows:
  N

H


t
t
Rm tanh β
Wj m Sj ,
(23)
Sout =
m=1

j =1

where H denotes the number of hidden units and the weights are bias-less. The time
series generated by the network is similar to equation (13), and is given by
 N

H


Rm tanh β
Wj m S t −j ,
(24)
St =
m=1

j =1

assuming the same gain β is used for all hidden units. One can easily extend the following analysis to different gain variables for each unit.
In the case of weight vectors that consist of a single component in the power spectrum of the form


2π m
K j , j = 1, . . . , N,
(25)
Wj m = am cos
N
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(where m labels the hidden unit and K m denotes the wave number in the weight vector
of the mth hidden unit), and under the assumption that each wave number is incommensurate to the other, we may treat each perceptron-SGen separately; hence, the asymptotic
solution would be a linear combination of perceptron-SGen solutions type. The formal
stationary solution to equation (24) with weights given by equation (25) (see [4,10]) is
given by



H

2π m
t
K t ,
Rm tanh Am cos
(26)
S =
N
m=1
where Am is the amplitude of the mth wave number. Inserting this equation in both sides
of equation (24) and expanding the expression in the right-hand side gives, again, selfconsistent equations for the amplitudes Am , however they now become independent of
each other (in contrast to the case of the perceptron-SGen)


∞

Am (2ρm −1)
Am = βam NRm
M(ρm )
(ρm !)−2 .
(27)
2
ρ =1
m

Unlike the solution for the perceptron-SGen with general weights, all the H attractors
can be stable simultaneously, (depending on the value of β) possibly leading to an H dimensional attractor. Taking the limit Am → 0 in equation (27), we find the onset of
each of the attractors to be as follows:
2
.
(28)
βcm =
am Rm N
Note again that each attractor’s transition from a zero fixed point to a periodic attractor
occurs independently (under the assumptions described above) of the other attractors,
depending on the parameters of its associated hidden unit, am , Rm .
An example of the coexistence of two attractors is depicted in figure 6. The network
consists of two hidden units, each with a weight vector of a single, phase-less Fourier
component. The parameters were chosen such that both hidden units are above the
bifurcation point. The dimension of the attractor is zero since the sequence is periodic;
however, it is embedded on the surface of a 3D-torus.
In the case of weights that consist of a single (possibly biased) component with
phase, i.e.,


2π m
m
K j + π φ ; m = 1, . . . , H,
(29)
Wj m = am cos
N
the stationary solution becomes a combination of the perceptron-like solutions:




H


2π  m
t
m
K + φ t + Bm (β) ,
tanh Am (β) cos
S =
N
m=1

(30)

where Bm is associated with the (possible) bias term. The variables Am , Bm are the
solution of the self-consistent coupled equations; however, by contrast with the single
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Figure 6. A 2LP-SGen with two hidden units generating a periodic attractor. The attractor is a combination
of the corresponding two perceptron-SGen attractors. N = 1024, K 1 = 71, K 2 = 211, β = 1.2βc .

perceptron, each hidden unit operates independently and can potentially develop an attractor of the type described above. The number of attractors depends on β with a
maximum of H periodic attractors and possibly an additional fixed point attractor (for
W0 = 0). The number of non-zero Am ’s defines the attractor’s dimension in the generic
case of irrational φ’s associated with them.
Figure 7 shows the results of simulating the network at different gain values,
1
1
1
, 33
and 25
. In the left-hand side of the figure, the attractor of the dynamics
β = 40
is embedded in a 2D-space, whereas in the right-hand side the associated power spectrum is given. As the gain increases, more components in the power spectrum have
non-zero amplitude. Since these components have an irrational phase, the attractor fills
the space, e.g., for β = 1/25 a 3D-attractor emerges.
Generalization of this result to more than a single biased Fourier component is
straightforward. Each vector is of the form described in equation (21) plus an index
for the hidden unit. The result is a combination of the general perceptron solution,
equation (22). This solution is much more involved and the coupled equations are complicated, but their careful study reveals the same conclusion; namely, each hidden unit
possesses a single dominant Fourier component (possibly with additional much smaller
components associated with the other components in the vector). As the gain parameter β becomes larger, more components becomes available and the number of possible
attractors increases. Particular extensions are discussed in [4].
5.

Noisy SGen

Since a realistic time series is noisy, it is imperative that we understand the effect
of noise on the output of the model. In this section we study the effect of an additive
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Figure 7. A 2LP-SGen with three hidden units and hyperbolic-tangent transfer function generating a quasiperiodic attractor. The attractor and the power spectrum of the sequence are presented for three values of
the gain β. N = 100, (K 1 = 11, φ 1 = 0.176), (K 2 = 17, φ 2 = 0.431), (K 3 = 23, φ 3 = 0.585).

noise on the results presented in previous sections. The modified dynamic rule is given
by
t
+ noise;
S1t +1 = Sout

Sjt +1 = Sjt −1 ,

j = 2, . . . , N,

(31)

t
is the network’s output at time step t and Sjt are the inputs at that
where, as before, Sout
time. Note that this is the complete NAR model mentioned earlier.
The problem of noise in a dynamic system is of great importance for the behavior
of the system (e.g., stability), hence its implications on the time series measured from
that system. In the classical theory of time series analysis (linear and non-linear), the
prediction ability of a model is of interest when trained with noisy data. Since the intention is to use a SGen to reproduce noisy data, it is important to understand how noise
affects the output of a generic SGen. In particular, it is crucial that the SGen be robust
with the addition of noise, which is non-trivial given the non-linear feedback dynamics
of the SGen.
The results described below were obtained for two kinds of updating rules, sequential and parallel, and are similar up to time rescaling. In the sequential scheme, noise is
presented to the system’s output in the following way:
t
+ ηt ,
S1t +1 = Sout

(32)
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where the first two moments of η are:

 
E ηt = 0,


E ηt ηt = σ 2 δt t  .

(33)

In this way, noise is added only to the first unit in each iteration of the dynamic rule. In
the parallel scheme, the system is actually composed of N + 1 units since each input
unit also functions as an output – the weight matrix has rank N + 1 with zero diagonal (Wii = 0). The noise, then, is represented by a vector with N + 1 independent
components ηt , which is added to all units simultaneously in each iteration:
 N+1


t +1
t
Wij Sj + ηit ,
(34)
Si = tanh β
j =1


where in this case E[ηit ηit ] = σ 2 δii  δt t  .
In the following we describe the results obtained for perceptron-SGen, though the
general properties hold with an additional hidden layer. Let us consider the properties
of a perceptron-SGen with a weight vector that consists of a single Fourier component
with an arbitrary phase (φ) of the form given by equation (18). When no noise is added
to the dynamic equation, equation (5), the generic stable solution is found to be a quasiperiodic orbit, e.g., equation (19) and figure 4. When noise is added, equation (32), the
orbit is broadened, however the trajectory is confined in phase space. A characteristic
quantity is the noise induced width of the broadened attractor which depends on the size
of the system, N. Another important issue is that of phase coherence. A periodic system
in the presence of noise typically exhibits a loss of phase coherence, manifested by a
broadening of the power spectrum of the time series generated by the system.
To demonstrate the broadening effect we embed the data generated by a noisy
perceptron-SGen in a two-dimensional space and measure the extent perpendicular to
the local tangent, see figure 8. We found a power-law
√ scaling between the average width
and the size of the system of the form ω ∝ A/ N, where A is a constant (see [14],
equations (15)–(17)).
To understand the behavior of the phase, let us use the following definition. The
temporal phases of a noisy system, denoted by *n (t), and of an identical, noise-free,
system by *c (t), are defined by:
*c (t) =
*n (t) =

t


i=0
t





φc (i + 1) − φc (i) ,


φc (0) = φn (0),
(35)

φn (i + 1) − φn (i) ,

i=0

where the phases φc (i), φn (i) are the relative phases of the ith clean/noisy embedded
vectors in an arbitrary, but fixed, coordinate system (the geometrical interpretation of the
phase is just the polar angle of an embedded 2D-vector, (S t , S t −1 )). Assuming identical
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Figure 8. A broadened attractor generated by a perceptron-SGen, N = 50, K = 17, β = 1/17, φ =
0.123 with a uniformly distributed noise of amplitude ±0.1 added, equation (32). ω denotes the width
perpendicular to the attractor.

initial conditions of both systems, and using the fact that E[*c (t) − *n (t)] = 0, we
define the statistical variance of the phase due to the added noise as follows:


2 

(36)
+*2 (t) = E *c (t) − *n (t) ,
where the expectation is assumed as an average over all samples taken after time t.
Analysis of this quantity reveals a diffusive behavior (see [14], equations (20) and arguments thereafter), i.e., the variance of the phase scales linearly with time. As depicted in
figure 9, we found in our system that the diffusion coefficient inversely scales with the
size of the network squared,
1
.
(37)
N2
We conclude that the time scale associated with this process increases with the size of the
system, therefore the system remains coherent over increasingly (quadratic) long times
as N increases.
The above-mentioned results present several properties of the dynamics in the
neighborhood of a single attractor. When there are multiple attractors available to the
system, even for a perceptron-SGen, one expects noise-induced transitions between the
domains (basins) of attraction of the possible attractors having local stability. One of
the quantities of interest in this scenario is the average time it takes to escape from
the domain of one of the attractors. We derived an analytical expression for the meanfirst-passage-time (MFPT) in the limit of weak noise and a weakly non-linear function,
supported by a series of simulations. We shall not elaborate on this issue further and
one can refer to [10, chapter 4] and [14] for details. It has √
been found that the typical
transition time between attractors scales exponentially with N.
D∼
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Figure 9. Diffusion coefficient obtained by simulating the system for several system sizes (over a decade).
The linear regression (dashed line) is D = 0.154/N a with a = 2 ± 0.036.

6.

Discussion

This paper addresses several aspects arising from the dynamics of a special kind of
recurrent neural network – a feed-forward network with a recurrent loop from the output
to the input layer. In sections 3, 4 we introduce the theoretical results of the SGen in the
stable regime of the parameters. We show that the generic dynamics is basically quasiperiodic. We reveal an interesting interplay between the dimension of the attractor and
the architecture; more hidden units can generate higher dimensional attractors.
Testing the genericity of the results obtained for the clean system when noise is
added to the output of the model is described in section √
5. We found that the attractor is
broadened by a factor which is inversely proportional to N whereas phase coherence is
maintained for time length that linearly scales with the size of the network. We note that
in the case of more than a single attractor,√the typical escaping time scales exponentially
with square root the size of the network ( N) and the amplitude of the noise. Since the
relaxation time needed to converge to the vicinity of an attractor scales linearly with N
(see [10,13]), this means that the system will spend most of the time near attractors,
occasionally jumping to other available attractors.
We propose the following implications of these results on the prediction ability of
such networks. Since neural networks have universal approximation capabilities, they
should be capable of approximating the prediction function of the delay coordinate vector (which is a necessary condition for reproducing the time series). This, however, holds
only for short times in general. As we have shown, long term (asymptotic) behavior of
these networks is governed by the attractor dynamics described above. Therefore, the
initial condition imposed on the network by a given time series is initially mapped to the
vicinity of the original manifold created by the network. As the trajectory evolves according to the dynamic rules (section 2), it flows to one of the attractors of the dynamics
whose characteristics were obtained analytically. In other words, any initial condition
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will converge to one of the possible 1D-attractors (for perceptron-SGen) or to a higher
dimensional attractor (for MLN-SGen). We conclude that the asymptotic behavior for
these networks is dictated by the architecture and not by the details of the weights (learning).
Interestingly, noise has a limited effect on the dynamics. This means that although
one cannot predict the actual attractor to which the system will converge for a generic
initial condition, the√time that the system will spend in the basin of each attractor scales
exponentially with N, occasionally escaping (diffusing) to another attractor.
We note that prediction of chaotic behavior is in general short term in its essence
and was not treated here. Moreover, architectures that contain internal delays (full
TDNN) may exhibit more complicated behavior with longer relaxation times. Also,
existence of external inputs can completely alter the results since one may initialize the
inputs (or a fraction of them) to a given state at any time.
Another related issue of interest that arises in this context is the implication on
computation. Several authors (e.g., [17]) have shown that recurrent neural networks (as
other dynamical systems) can simulate Turing machines. Our analysis has shown that
the asymptotic behavior may be predicted for a given architecture and initial condition.
Namely, the set of attractors can be obtained, therefore one can predict the trajectory
(up to a constant phase shift) in the stable regime and noiseless system. This behavior
is, to some extent, different from dynamical systems based only on a simple functional
mapping (usually polynomial), since the weight matrix of the network behaves as a filter
that chooses (or amplifies) only certain modes. Note again, that even additional noise
destroys phase coherence only after time that scales linearly with the network’s size.
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