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Abstract. - Statistical mechanics is applied to estimate the maximal capacity per weight (a3 of a
two-layer feed-forward network with binary weights, functioning as a parity machine of the
hidden units. For K 2 2 hidden units, the maximal theoretical capacity is achieved, a, = 1, and
the average overlap between different solutions is zero. These results agree with the
simulations. At finite temperature one-step replica symmetry breaking solution is found, which
appears to be exact.

Much work has been done in the recent past on the statistical nature of a one-layer
network, known as a perceptron [l,23. However, the computational power of such one-layer
network is limited, since it cannot solve nonseparable problems. Furthermore, having in
mind applications to biological systems, multilayer networks may play an important role.
Hence, quantitative estimation of the capability of multilayer architectures is very
interesting. In particular, it is interesting to know how much the information capacity per
synapse (i.e. per weight) is larger in multilayer systems than in one-layer perceptron.
In this letter a two-layer feed-forward network is studied using statistical mechanics
approach. The architecture of the network consists of N binary input units, one hidden layer
with K continuous or discrete units and a single binary output unit. The input units are
divided into K equal disjoint sets, each one of them consists of NIK units. The Z's hidden unit
is connected only to the i-th input via a binary weight, Ji= k 1, such that
N(1- 1)lK< i S NlIK. Therefore, each one of the input units is connected only to one hidden
unit, i.e. the receptive fields of the hidden units are nonoverlapping.
The configuration of the input is denoted by {s,}i = 1, ...,N with s, = k 1. The state of the
1-th hidden unit is equal to its induced local field

where Jiis a binary weight which can take the values zk 1, J l and s1 are vectors of rank NIK.
The output unit, 0, of the network is just the sign of the product of the K hidden units
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It is now clear that the functioning of this network is independent of the exact nature of the
hidden units, i.e. continuous or discrete. This network is known as a parity machine
network [31 with binary weights, since the output is the parity of the internal representation
of the hidden units. It is important to note that this architecture is a two-layer network only
where the output unit is a Sigma-Pi unit. A version of this model with continuous weights
was studied in ref. [4].
Like in the study of the one-layer perceptron, the task of the network is a mapping of a
random input on a random output. More precisely, the p-th pattern consists of = C 1 with
equal probability, where i = 1, ...,N , ,U = 1, ..., P and a is defined to be PIN. The desired
output of the p-th pattern is y p = k 1 with equal probability. The question is to calculate, as a
function of K , the maximal number of patterns P , that can be‘ tought to the network in the
limit iV+ CQ. It is also important to understand the statistical nature of the solutions in the
phase space of the weights.
The case K = 1 is exactly the perceptron with binary weights. This problem has been
addressed by Gardner and Derrida [5-7], who found that within the replica-symmetric (RS)
ansatz a, = 41x, but showed that RS must be broken. Krauth and Mezard [8] found a solution
with one-step replica symmetry breaking [9,10] (RSB) which seems to be exact. The critical
capacity is 0.83, where the zero-temperature entropy vanishes.
Let us first summarize the main results of this work where the details are given below.

-

a) For K 2 2, a.,= 1. Unlike the case of continuous weights [ 4 ] , where a, scales with
log2K, in the binary case the maximal capacity is independent of K and equals the bound of
the maximal theoretical embedding information.

b) For a < 1, the entropy of the system is equal to (N - P ) ln2 and the order
parameter q (which will be defined below) is equal to zero.
e) At finite temperature, there is a critical line independent of K , a,(T,), where the
entropy of the system vanishes. For T > T , the system is in the paramagnetic phase
characterized by q = O , where below it a glassy phase appears. The function order
parameter, q(x), of this glassy phase is characterized by one step of RSB, where q o = O ,
q1= 1 and the breakpoint m = TIT,.

The derivation of these results are given below, however, let us first indicate that the
upper bound for the capacity of the system is a, = 1. This upper bound is obtained by using
the annealed approximation or by a simple argument of information theory, where each
weight contains exactly one bit of infofiation. Nevertheless, the exact maximal capacity
and the nature of the system are investigated using the method suggested by Gardner and
Derrida [ 5 , 6 ] . For each set of coupling the energy is defined as the number of patterns
which are not embedded:

Following ref. [6], for a given set of patterns we introduce the partition function at
temperature T = U/?
= f i { ~ , exp
= *[ ~
- / ?)E ( J ) I .

(4)

In the zero temperature limit the partition function, eq. (4), is exactly the volume, V , in the
weights space occupied by the networks which achieve the desired output. The patterns can
be learnt if and only if the zero-temperature internal energy vanishes. In this limit the
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entropy of the system per weight is In (Z)/N.Since the entropy is a nonincreasing function of
a, the maximal capacity is defined as the lowest a such that the entropy vanishes.
In the computation of extensive thermodynamic quantities one concentrates on 1nZ. This
quantity is averaged over the distribution of the quenched random patterns {tf,yp}, using
the replica method. In the calculations one introduces a set of order parameters
qF=-

K JfeJf,
N

(5)

where IqyI < 1. The physical meaning of q? is the overlap between the weights belonging to
the Z-th hidden unit in two replicas, a and p . Note that because the receptive fields of two
different hidden units are nonoverlapping, there is a priori only one type of order
parameter, q?. Furthermore, qf@= 4.9,
since after the average over the disorder all the
hidden units are equivalent.
Under the RS assumption, qI"p = (1- q) 8, + q, one can show that

I Dx
m

GRS= (( I n 2 )) = e x t f ,

- f +(l- q) +

In (2 cosh

(6~))
+

-ca

where the symbol ((...)) stands for the average over the patterns, a =PIN, Q =

/

m

= (q/(l - q))ln, Dt = exp [- t2/2]dt/(2~)1n,
H(z)= Dz and q and $ are determined by the
saddle point (SP) equations.
2
As a function of a one can distinguish between two regimes. a) The regime 0 < a < a o
2(1 + exp [- P ] ) ~
is characterized by q = 0. For the case K = 2, for instance, a0 =
, where it is
8(1- exr,
_ C- 81)'
.clear that a0 is an increasing function of K. b ) At a. the system undergoes a transition to a
glassy phase which is characterized by q > 0. The order parameter q is an increasing function
of a and goes to 1 for the case K = 2, for instance, at a 3.5. One can also verify that the RS
solution is stable at least up to a,,.
The upper bound for the maximal capacity, a, = 1, indicates that the stability analysis or
the capacity where q-+ 1 are not good criteria in this case t o fix or to bound the maximal
capacity. In contrast, the available volume of the solutions is a decreasing function of the
capacity. Furthermore, since the volume cannot be less than one point in the phase space (at
zero temperature), the capacity where the entropy vanishes is defined as the maximal
capacity. This behaviour was recently observed in the binary perceptron case (K = l),where
the maximal capacity (a,-0.83) is characterized by zero entropy, however, the order
parameter q at the criticality is around 0.5 [$I. Therefore RS solution suggests that for any
K 3 2 , the maximal capacity is a, = 1. In contrast with the case K = 1, where q is an
increasing function of a, here q is a constant and equal to zero for any a S 1. This result,
q = 0, can explain why the annealed approximation gives the same behaviour as the RS
solution.
The result that q = 0 seems to be surprising, since one expects that as a increases, the
available volume as a solution decreases and correlations among different solutions are built.
Note that the parity machine architecture is characterized by 2K-l global symmetries, each
one of them consists of the flip of the sign of weights which belong to even number of hidden
units.141. However, the glassy order parameter, q, does not relate to these global
symmetries. In the following we will examine if RSB aEfect these results.

-
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The averaged In2 with one step of RSB is given by

+ _I_

[Dx In r(Dt 2" c o s h " ( 6 t + f i x )

m--

where Aq5=q51-$~ and A q = q l - q o . In this parametrization the order parameter qo
represents the overlap between the average solution in two different valleys:

q1 represents the self-overlap within one valley

and the breakpoint m relates to the Gibbs weights, P,, of each one of the valleys
1- m = (;p:)).

The five order parameters must be computed through the saddle point equations. In the
zero-temperature limit and for a < 1 we did not find any solution except the RS solution,
qo=ql=O. At finite temperature we find no RSB solution except in the limit q l + l .
Following reference (7), the limit q1 = 1at finite temperature is studied. In this limit one can
verify that + and
1

G i s & p ( ~ o ,$0,

1, 01, m, P) =;GRs(Qo,

m2$o,bm)

(11)

where GRS is given in eq. (6). The saddle point equations with respect to qo and q50 imply that
qo= q and t$o = $/m2,where q and q5 are the RS order parameters at the inverse temperature
,Bm. The saddle point with respect to m gives SRS
= Slstep
= 0, where ,Bm must be equal to
UT,,which is the inverse temperature where the RS entropy vanishes. This temperature as
a function of a is given by

a,(T) = - ln(Z)/ln((l+ exp [-,81)/2),

(12)

where as T j 0, a, + 1. Therefore, the phase diagram within one step RSB is as follows: a) in
the zero-temperature case, qo= q1 = 0 for a < 1. In this regime one can verify from eq. (11)
that the entropy is given by S = ( N - P ) ln 2 and vanishes as a + 1. The solution at a = 1 is
impossible, because of the essential singularity at this point. b) At finite temperature and at
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T > T,, the only solution is the paramagnetic solution characterized by qo= q1 = 0. e) On the
transition line, T,(a), the entropy vanishes. At T < T,,there exists one-step RSB solution
which is defined by m = TIT,, go= 0 and q1 = 1 and the free energy is independent of T and is
equal to the RS free energy at T,. The one-step solution is first order in the sense that the
order parameter function, a($), is not continuous, but the free energy and its first derivative
are still continuous at T,. This behaviour is exactly identical to what was found in the
random energy (RE) model, simplest spin glass [ll,121 and the Potts glass [13]. However,
unlike the RE and the simplest spin glass models the energy levels are not independent
random variables. This one can verify onZy from the low-temperature phase, from the
structure of the last term in eq. (7). This behaviour is similar to the Potts glass in the large p
limit (where p is the number of Potts states) [13] and to a highly diluted RE model [141. In
both cases there are correlations among the energy levels, which however are not strong
enough to change the solution in the mean-field limit. As in ref. [ll, 121, the physical
interpretation of the order parameter is that in the thermodynamic limit the average selfoverlap within one pure state is 1, where the overlap between the average solution in two
different pure states is zero. In the thermodynamic limit, the phase space contains many
pure states, separated by huge barriers. The inextensive difference among the energies of
the pure states is responsible for the spectra of weights, P,,where the mean square of the
weights is given by 1 - m = 1 - TIT, (see eq. (10)). On the critical line, T,(a), the entropy per
weight vanishes in the leading order, however, it seems that below it the entropy is still
finite and only a few pure states become dominant, as in the case of the RE model.
In order to check whether the one-step solution is exact, a solution with two steps RSB is
examined. In this parametrization the partition function is constructed from eight order
parameters qo, ql, qz, $o, $1, $z, ml and m. In the limit q2 = 1 and $z--f a one can show that

90, ~

G~Bkps(q0,

1 $1,
,

1,

1

mi, m ~P ),= - G ~ l s t e p ( ~ ~ , +$o,

mz

q1,

4 9 1 , m l / m ~Pm),
,

(13)

which is the same equality previously obtained for the case K = 1 181. Optimization of Gbstepe
with respect to ml is equivalent to optimization of the one-step solution with respect to m.
However, such solution was not found except where q1 = 1 and qo= 0, which means that
the two-step solution is degenerate with the one-step solution. Hence, the one-step solution appears to be exact. Let us only comment now that there exists another one-step
solution where the transition for the case K = 2 , for instance, occurs at a =
= n2(1+ exp [- p1>2/8(l- exp E- PI)', where q1+0. However, this cannot be a physical
transition, since it occurs in lower temperatures than the previously discussed transition.
The theory was checked by exhaustive search simulations. In these simulations all the Z N
possible configurations in the phase space were examined, where N is the size of the input.
More precisely, using the properties of the global symmetries, only 2N-K+1configurations
have to be checked. The size of the examined systems in the simulations was up to N = 26
with K = 2 and 3. The main results of the simulations at a zero temperature are: a) in fig. 1
the fraction of samples with solutions is plotted us. a.Each point is averaged over at least 50
samples. The maximal capacity is fixed at a where the fraction of samples with solutions is
equal to 112. It is clear from fig. 1 that a,is an increasing function of N . Furthermore, for any
examined N , the fraction of solutions for P = N - 1 is greater than 1/2. These results
strongly indicate that a,+ 1. b) In fig. 2 the logarithm of the volume which is available as a
solution is plotted vs. P for K = 2 and N = 22. At zero temperature the theory predicts that
for a < 1, q = 0 and logV is a straight line with a slope equal to - log2 = - 0.3. It is clear
from fig. 2 that up to P = 19, logV scales linearly with P with a slope - 0.29. The
deviations from a linear curve for P > 19 are due to strong fluctuations in finite systems, as
the volume goes to zero. This result agrees with the theoretical prediction for the entropy

-
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Fig. 1. - The fraction of samples with solutions vs. a in an exhaustive search, where K = 2 and N = 10,
14 and 26 with +, 0 and A, respectively.
Fig. 2. - logV as a function of P , for K = 2 and N

= 22.

with q = 0, for a < 1. c) Preliminary results of simulations at finite temperatures indicate a
strong fist-order transition from the paramagnetic phase to the glassy phase, where T J a ) is
close to the theoretical prediction.
Finally, we would like to comment that a direct measurement of q is difficult, since the
definition of configurations which belong to one valley and barriers between different
valleys are not well defined in finite systems. Nevertheless, a remarkable insight on the
structure of the solutions in the phase space was found where the average overlap between
each pair of solutions was calculated as a function of P. It is clear that for K > 1 solutions
which can be obtained by global symmetries should be deleted, otherwise the overlap by
definition is zero. In the case K = 1 and N = 21 this overlap increases as a function of a up to
0.5 near a 0.8 [8]. In contrast, in the case K = 2 and N = 22 this overlap was less than
0.08 for any P < 21. Note that this measure is not exactly equivalent to the physical meaning
of the order parameter q1 (see eq. (9)).

-

-
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